Approximation of functions and their derivatives 
by analytic maps on certain Banach spaces 

D. Azagra, R. Fry, and L. Keener 

Abstract. Let X be a separable Banach space which admits a sep- 
arating polynomial; in particular X a Hilbert space. Let / : X — > R 
be bounded, Lipschitz, and C 1 with uniformly continuous derivative. 
Then for each e > 0, there exists an analytic function g : X — > R with 
\g-f \ <eand < e. 



1. Introduction 

The problem of approximating a smooth function and its derivatives 
by a function of higher order smoothness on a Banach space X has been 
investigated by several authors, although the number of such results is lim- 
ited. When X is finite dimensional excellent results are known, and in 
fact Whitney in his classical paper [WJ provides essentially a complete an- 
swer by showing: for every C k function / : R n — > W 71 and every contin- 
uous e : W 1 — > (0, +oo) there exists a real analytic function g such that 
\\Dig(x) - Dif(x)\\ < e(x) for all x G R n and j = l,...,k. This is the 
so-called C k fine approximation of /. 

The first results for X infinite dimensional concern the smooth, non- 
analytic case, and are due to Moulis [MJ. She proves, in particular, a C 1 
fine approximation theorem; namely, that for X = cq or l p with 1 < p < oo, 
and Y an arbitrary Banach space, given a C 1 map / : X — y Y, and a 
continuous function e : X — > (0, oo) , there exists a C k smooth map g : X — > 
Y (where the optimal value of k > 1 depends on the choice of X) such that 
\g (x) — f (x)\ < e (x) and \\g' (x) — f (x) \\ < e (x) . This result was later 
extended in A FG.) Lj to the case where X has an unconditional basis and 
admits a Lipschitz, C k smooth bump function. Further work along this 
line can be found in |HJj . where using ideas from [Fl] it is shown that for 
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certain range spaces Y, one can relax the conditions on X in [AFGJL] and, 
for example, take X to be merely separable. 

It is important to note that all the results mentioned above require, in 
a very essential way, a theorem concerning the approximation of Lipschitz 
functions / by more regular, Lipschitz functions g, where the Lipschitz con- 
stant of g is fixedly proportional to the Lipschitz constant of /, regardless of 
the precision in the approximation. In |M| and [AFGJL] this is achieved 
by reducing the problem to the finite dimensional case using the uncondi- 
tional basis, but otherwise without this reduction traditional methods of 
smooth approximation, such as smooth partitions of unity, do not work in 
addressing this problem. A new approach was found in [Fl], and further 
developed in |AFM| . [F2] . |AFK2j . and [HJ]. This technique has been 
called the method of sup-partitions of unity in |HJ| . It seems that C k fine 
approximation must rely on such results. 

Concerning C k fine approximation by analytic functions for X infinite 
dimensional, nothing is known. In view of the remarks in the preceding 
paragraph, it would appear that first one needs the ability to approximate 
Lipschitz functions by Lipschitz, analytic functions with good control over 
the Lipschitz constant. That is, one requires a kind of analytic sup-partition 
of unity. Only very recently has this been possible with the work of [A FK1| . 
where it is proven that if X is separable and admits a separating polynomial, 
then for every Lipschitz function / : X — >• R and e > there exists a 
Lipschitz, analytic function g : X — >• R with \f — g\ < e and Lip (<?) < 
CLip(/) , where the constant C > 1 depends only on X (for a precursor to 
this work see |FK| ) . Using this, we are able in this note to give the first 
results on the C 1 fine analytic approximation problem in infinite dimensions. 
We remark that this work is new even for X a separable Hilbert space. We 
establish, 

Theorem 1. Let X be a separable Banach space which admits a separat- 
ing polynomial. Let f : X — ^ R be bounded and Lipschitz, with uniformly 
continuous derivative, and e > 0. Then there exists an analytic function 
g : X — > R such that \ f — g\ < e and \\f — g'\\ < e. 

Our notation is standard, with X denoting a Banach space, and an open ball 
with centre x and radius r denoted B r (x). If {fj}j is a sequence of Lipschitz 
functions defined on X, then we will at times say this family is equi- Lipschitz 
if there is a common Lipschitz constant for all j. A homogeneous polynomial 
of degree n is a map, P : X — > R, of the form P (x) = A (x, x, x) , where 
A : X n —7- R is n— multilinear and continuous. For n = we take P to be 
constant. A polynomial of degree n is a sum ^^=0 ^ ( x ) > wnere * ^ 1 the 
Pi are z-homogeneous polynomials. 

Let A be a Banach space, and Gclan open subset. A function / : G — > R 
is called analytic if for every x G G, there are a neighbourhood N x , and 
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homogeneous polynomials P% '■ X —> R of degree n, such that 
f(x + h) = ^P% (h) provided x + h E N x . 

n>0 

Further information on polynomials may be found, for example, in [SSJ. 

For a Banach space X, we define its (Taylor) complexification X = 
X (J) iX with norm 

||x-My||^ = sup 1 1 cos 9 x — sin0 y\\ x = sup \/T(x) 2 + T(y) 2 . 

0<6K2tt TeX*,\\T\\<l 

If L : E — > F is a continuous linear mapping between two real Banach spaces 
then there is a unique continuous linear extension L : E — > P of L (defined 
by L(a; + iy) = i(x) + iL{y)) such that ||L|| = ||L||. For a continuous 
^-homogeneous polynomial P : E R there is also a unique continuous 
^-homogeneous polynomial P : E —> C such that P = P on E C E (but 
the norm of P is not generally preserved: one has that ||P|| < 2 fe - 1 ||P||). 
It follows that if q (x) is a continuous polynomial on X, there is a unique 
continuous polynomial q{z) = q (x + iy) on X where for y = we have 
q = q. For more information on complexifications (and polynomials) we 
recommend [MSTj . In the sequel, all extensions of functions from X to X, 
as well as subsets of X, will be embellished with a tilde. 



2. Main Results 

2.1. The functions </?„,. To prove Theorem 1, we start with a lemma 
which is a variation of [AFK1} Lemma 3], where here we have made three 
changes: added part (4') ; included constants M n for the estimate in (5) ; 
and relaxed the condition that r > 1 to r > 0. To obtain (4') , we replace 
the function b n in the proof of [AFKll Lemma 3] with a C 1 version; the 
change in (5) is easily handled; and requiring merely r > means that 
certain constants will depend on r, but as we shall apply the lemma with r 
fixed throughout, this causes no problem. 

First we need some definitions and notation. If X posseses an n th order 
separating polynomial, then it admits a 2ra-homogeneous polynomial q such 
that 

(2.1) \\x\\ 2n <q{x) <A\\x\\ 2n , 

for some A > 1 (see e.g., [AFK1]). In [AFKll Lemma 2] it is proved that 
the function Q (x) = (q (x) + l) 1 / 2 " — 1 satisfies: 

(1) Q is (real) analytic on X, 

(2) Q is Lipschitz on X, where we can take Lip(Q) > 1, 

(3) inf {Q (x) : ||x|| > 1} > = Q (0) , 
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(4) Q (x) < 4/9 => ||x|| < 8/9 when p > 1; otherwise Q (x) < 4/9 => 

/ 2n \ l/2n 

1 1 a; 1 1 < 5 (p) =1(1 + 4p) n — 1 J , this latter implication simply 

using (2.1) and the definition of Q. 

(5) there exists 5 > such that Q extends to a Lipschitz, holomorphic 
map Q on the uniform strip X C Wg C X given by, 



W5 = jx + z : x G X, z£l, ||z|| _y < <5 i . 
We use the notion of a Q-body, which for p > is defined by 



Dq (x,p) = {y eX :Q(y-x) < p}. 

Let II -II be an equivalent analytic norm on cq, with ||x|l < ||x|l „ < 
A\ Hiclloo for all x € Co, and some > 1 (see e.g., [FPWZj . and also 
[AFK1], |FK] where it is referred to as the Preiss norm). It may be worth 
pointing out that the Preiss norm ||-|| c is obtained as the restriction of a 

holomorphic map A defined on a neighbourhood of cq\ {0} in c$. 

For the remainder of the proof, we fix a dense sequence {x n }^ ( L 1 in X. 

Lemma 1. Let V = Ws be an open strip around X in X in which the 
function Q given above is defined. Given e G (0,1), r > 0, and a covering 
{L>Q(x n ,r)} c ^ > =l of X, there exists a sequence of holomorphic functions tp n = 

<Pn,r,e ■ V —?■ C, whose restrictions to X we denote by cp n = (p nrE , with the 
following properties: 

1: The collection {(p n ,r,e '■ X — > [0, 2] | n G N} is equi-Lipschitz on X, 
with Lipschitz constant of the form L v = L\Lip(Q) jr > 1 (where 
L\ > 1 is independent of e and n ), 

2: < (f n ,r,e(x) < 1 + £ for all X G X. 

3: For each x G X there exists m = m XjT G N (independent of e) with 

<Pm,r,e{x) > 1/2. 
4: < <p ntT>6 (x) <£ for all x G X\ D Q (x n ,5r). 
4': H^fe^)!! < £ for all x £ X \ DQ(x n ,5r). 

5: For each x G X there exist S xr > 0, a xr > 0, and n xr G N (all 
independent of e) such that 

|<2L r Jx + z)\ < — — : for n > n xr , z G X with \\z\\ ^ < S x rs 

where M n = e 20 ' 2 * (1 + ||a; n ||) , and the k = k (r) > 1 and C > 1 
are constants that will be specified in the proof of Theorem 1. 
6: For each x G X, there exists S x>r > (independent of e) and 
n Xt£ ,r £ N such that for \\z\\^ < S x>r and n > n x>e>r we have 

\<Pn,r,e( x + z )\ < £ - 
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7: For each x G X, there exists S XEr such that 
\<Pn,r,e( x + z)\ < 1 + 2e for n G N, and z G X with \\z\\ ^ < S x>e>r . 

Proof. We largely follow the proof of [AFK1, Lemma 3], with the few 
noted changes. As the proof in |AFKlj is rather long and technical, we 
here indicate only the key constructions, referring the reader to the above 
cited paper for full details. Note that because r is fixed throughout, for 
ease of notation, we shall often suppress dependences on r. Define subsets 
M,r = {Ui e K : -1 < Ui < 4r}> and, for n > 2, 

A n ,r = {y = £ C : -1 - r < y n < 4r, 2r < Vj 

< M n>r + 2r for 1 < j < n - 1}, 

K,r = {y = {%-}?=! G C : -1 < Vn < 3r, 3r < 
< M n>r + r for 1 < j < n - 1}, 

where M n ^ r = sup {Q (x — Xj) : x 6 Dq(x n , 4r), 1 < j < n} . 

Let /j £ C°° (R, [0, 1 + e]) be Lipschitz such that n (t) = iff t > 1, and 
M (t) = l+ e ifff < 1/2. Let b n G C°°(R, [0, 1]) be Lipschitz such that 
b n (t) = 1 iff t g (2r, M n , r + 2r) , and 6 n (t) = iff t G [3r, M n>r + r] . Let 
6 G C°° (R, [0, 1]) be Lipschitz such that b(t) = 1 iff t (£ (-1 - r,4r) , and 
6 (i) = iff t G [—1, 3r] . Now define a Lipschitz, C°° smooth map b n : coo C 

c -> [0, 1] by b n ( Vl , ...,y n ) = n (|| (ft™ ( yi ) , b n (y n _a) , 6 (</„)) |[J . Then 

support(6 n ) = A n , and 6 n = 1 + e on yl^. Moreover, b n is Lipschitz with 
constant of the form L\/r, where L\ > 1 is independent of n. 

Now one defines, on R n , the map 

h n (x) = ±- [ b n (y)e- k ^U^^-y^ d y, 



Because b n = has compact support, is bounded, Lipschitz, and C , one 
can choose /c = > sufficiently large that 

(2.2) \b n {x) - h n (x)\ < e/2 for all x G R n , 
and 

(2.3) \b' n (x) -ti n (x)\ <e/2 for all x G R n . 
Next one defines (real) analytic maps <p n : X — > R by, 

^n(x) = / i „(Q(x-x 1 ),...,g(x-x n )) = ^ / b n (y)e- k ^U 2 - j (Q(*-*i> 
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It is more or less standard to show that Lip(ip n ) < Lip(Q) . We can 
extend the maps <p n ,r,e to complex valued maps defined on W Q (see above) 
calling them cp n . Namely (where x G X, z G X), 

Vn(x + z) = ±- [ b n (y)e- k ^U^(Q(*-^-yi) 2 dy 

Note that the (p n are well defined (as the b n have compact supports) and 
are holomorphic where Q is (namely on W$). 

To see (4) and (4'), note that if Q (x — x n ) > 5r, then there is a neighbour- 
hood N of x for which y £ N implies that the point, 

x = (Q(y- xi) , Q(y- x n )) G R n \A n , 

from which we have b n (x) = and b' n (x) = 0. Hence, by (2.2) and (2.3) , 
we have, \ip n (x)\ < e/2 and \\ip' n (x)\\ < e/2. 

The remaining parts are handled as in [AFKlj . noting that for (5) we choose 
K n larger if need be to ensure the stated estimate involving the M n . □ 

We return now to the proof of the theorem. Let e > be given and choose 
e' satisfying 

< e' < mm{l, 1/(132C7 ^L 1 L^(Q)), 1/(10^^)}, 
o 

where L\ is as in part (1) of the preceding lemma, where is defined imme- 
diately below, and where Co is a constant, only depending on X, which will 
be fixed later on (see page 9 below). Because / is bounded, we may suppose 
that 1 < / < 2. As /' is uniformly continuous on X, we can find a fixed 
p > so that for all n, x G B p (x n ) implies \\f'(x n ) — f (x)\\ < e'. Now, 
considering property (4) of Q, and noting that 5 (r) — > + as r — > + , we 
can choose r G (0, 1) (independent of n) so that Dq {x n , 5r) C B p (x n ) for 
all n. It will be convenient to write D n = Dq {x n , 5r) . This r shall be fixed 
for the remainder of the proof. 

2.2. The functions v n . Next let V G C°° (R, [0, 1]) be Lipschitz such 
that V (t) = 1 iff |i| < 5r, and z7 (t) = iff |t| > ^-r. Put L = Lip(/). Fix a se- 
quence of functions {f n ,r,ei}^Li w hh respect to the covering {Dq (x n , r)}°° =1 
of X as given by Lemma [H where r is fixed as above and the e of the Lemma 
is chosen to be 

e\ := min {eV/3Co-C/Lip (17) , eV/25LLip (17)} , 

We write (p n ,r,ei as cp n for ease of notation, and, as in Lemma Q] (1) , L v = 
Lip((/?„) = LiLip(Q) fr > 1, which we recall is independent of n. Often we 
will subsume dependence on e\ as dependence on e' and L. 

( 2 \l/2n 

Put A(t) = (|t| + l) z "-l > 0. Now via convolution integrals be- 
tween V and Gaussian kernels, we can find Lipschitz, analytic functions v, 
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with Lip(z/) = Lip(V) , and which C 1 -fine approximate v in the following 

sense, 



(2.4) 



, , e'r/2LL v 



Indeed, we can take z/ to be of the form, 



!/(*) = - f V{s)e-~ K(t ~ s)2 ds, 
a Jr 

a= e~ Ks2 ds, 
Jr 

where k > 1 is chosen sufficiently large and is independent of t (although it 
does depend on max{A(t) : t £ supp(z/)} < oo). This is possible because 

e > 121, 

v is C°° with compact support, and the function t — > 1+A( -^ is strictly posi- 
tive, continuous and decreases slowly enough with respect to e~ K ' 2 (namely, 
lim^oo A(t)/e Kt = 0). Moreover, since V has compact support, v has a 
holomorphic extension, 

v{z) = - f u(s)e-< z - s ^ds, 
a Jr 

to C. Next observe that for t,s eK and zGC with \z\ < rj, we have, 



Re(t + z-s) 2 = (t- 



>(t~ 



s) 2 + 2(t- s)Rez + Re(z 2 ) 
s + Re zf - (Re zf + Re (z 2 ) 
s + Rez) 2 -2z? 2 . 
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Therefore when \z\ < r] we get, 



\v(t + z) 



1 



V (s) e- K( - t+z ~ s)2 ds 



a 



(2.5) 



<- I e -^{t-s+Kezf-2 n 2 ds 

~ a 



e 2K V 2 



-K,(t+Rez-s) 2 ds 



_ e 2nri 2 

where we have used a variable change to obtain the last line. Now define 
Lipschitz, analytic functions u n : X — > H by, 

v n (x) = u(Q(x- x n )) . 
Clearly v n has the holomorphic extension v n (z) = v (z — x n )) . It will 

be convenient to put V n (x) = v(Q{x — x n )) . Observe that, writing D n = 
Dq (x n ,6r) , 



(2.6) 
and 

(2.7) 

Note that 
(2.8) 



K (x)\ < 



e / r/2LL (/ 



1 + A(Q(x-x n )Y 



for x ^ D n , 



K ( x )\ < 



Lip (Q)e'r/ 2 LL V ^ 



1 + A(Q {x-x n )) 
e'r/2LL v e'r/2LL v 



l + A(Q(x-x n )) l + q( x -x r 

e'r/2LL v 



vl/2n 



< 



1 + \\x — X r 

Now we estimate \v n [x + z) \ = v ( Q (x — x n + z] 
[AFKH Lemma 2], we can write 



, for \\z\\j£ < r}. From 



Q (x — x n + z) — Q (x — x n ) + Z n , 
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where Z n £ C with \Z n \ < C\\z\\^, for some constant C > 1. Then from 
the calculation (2.5) we get, for \\z\\~ < r], 



\v n [X + z) 



v(Q( 



(2.9) 



\v (Q (x - x n ) + Z n )\ 



< 2CW 



It is also worthwhile to note that v (t) < 1 + sf for all t. 

Let T n (x) = f (x n ) (x — x n ) + / (x n ) be the first order Taylor polynomial of 
/ at x n . Note that \\T' n (x)\\ = \\f {x n )\\ < L. Observe that T n — f is Lipschitz 
on B p (x n ), with Lip(T n -/) < ||(T n -/)'|| = ||/' (x n ) - f {x)\\ < e' on 
Bp (x n ) . It follows that T n — f is Lipschitz on D n C B p (x n ) with constant 
not greater than e' . Denote by T n — f a bounded and Lipschitz extension 
of (T n — /) \jj n to all of X, having the same bound and Lipschitz constant. 
For example, one can take, temporarily writing h = (T n — f) \o n , 



{T n ~ f) (x) = max{-||/i|| 00 ,min{||/i| 



oo, inf {h(y) 
yeD n 



Up(h)\\x-y\\}}}. 



Write e n (x) = (T n — f) (x) . We now apply |AFK14 Proposition 3] to e n (x) , 
along with the standard 'scaling argument' that appears at the very end of 
the proof of [A FK1[ Theorem 1], to obtain the following: there exists a 
constant Co > 1, depending only on X, a neighbourhood X C W C X, 
where W = W E ' jT depends only on e' and r (the dependence on L v written 
as a dependence on r), and an analytic map 5 n : X — > R such that 

(1) |e n (x) — 5 n (x)\ < e'r/L^ for all x G X, 

(2) Up(5 n ) < C Lip(e n ) < C e', _ _ 

(3) the map 5 n extends to a holomorphic map 5 n on W (where in 
particular, W is independent of n), 

(4) \5 n (x + iy) — 5 n (x)\ < Ma for all x + iy G W, where Ma depends 
on e' and is independent of n. 

Now we define analytic functions on X by, 



ip n (x) = (T n (x) v n (x) - 5 n (x)) ip n (x) . 

Observe that from property (3) of 5 n and Lemma HJ ipn extends to a holo- 
morphic map tp n (z) = (f n (z) v n (z) - 5 n (z)) tp n (z) , where 



T n (z) = T n (x + iy) = f (x n ) (x + iy - x n ) + / (x r , 



10 



D. AZAGRA, R. FRY, AND L. KEENER 



(f'( x n) being the canonical extension of f'(x n ) to all of X), on a neigh- 
bourhood X C W C X, where W is independent of n. 



2.3. The approximating function g. Let us define the function g : 

X ->■ M by, 



llfan (^)}n=lllc 



We next show that g is analytic. Since the norm || • || Co is real analytic on 
co \ {0}, it is sufficient to check that the mappings x i-> {ip n (x)}'^ D =1 and 
x i— > { r ip n { x )}'^=i are real analytic from X into cq and do not take the value 
S Co- Using LemmaCQit is easy to show that the function x h-> {(^(a;)}^^ 
has such properties (see [AFKll Lemma 4]). 

As for the function x \-> {ip n (x)}^ =1 , let us first show that it does not 
take the value 0. In fact we show that for each x S X there exists an n 
so that the number (T n (x) v n (x) — 5 n (x)) (p n (x) is bounded above 1/4. In- 
deed, for each x £ X, there is a minimal n = n x with x € Dq (x nx , 3r) , and 
via the proof of [A FK1[ Lemma 3 (3)], for such n x we have ip nx (x) > 
1/2. Note also that Dq (x nx , 3r) C (a^, 5r) = D na: , and e nx (x) = 
Tn x (x) — f (x) on D nx . So, from this and property (1) of 5 n , we have 
\T nx {x)V nx (x) - f (x) - 5 nx (x)\ = \e nx (x) - 5 Ux (x)\ < s' . Now to replace 
V rix with i/ nx , we observe by (2.4) and (2.8) , 



\T n (x) v n (x) - T n (x) v n (x)\ = \T n (x) \ \v n [x) - v n (x)\ 

< (L \\x - x n \\ + \f (x n )\) 



e'rjlLL 



V 



1 + 

x x n i 



(2.10) 



< (L||x-x n || + 2) 



e'r/2LL v 



l + \\x- x n \\ 
< e'r/2L v + e'r/LL v 

Therefore, these estimates give, \T nx (x) v nx (x) — f (x) — 5 Ux (x) \ < 4e', and 
because / > 1, we have our desired bound 

\ T n x (x) Vn x (x) ~ b nx (x)\ (p nx (x) > \T nx (x) V nx (x) - 5 Ux (x)\ (1/2) 



>(/(x)-4 £ / )(l/2)>l/4. 
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We remark that it follows from this that for any x, 
(2.11) 

\\Wn (X)}J C0 > \\tyn Wlnlloo = Wi( T n (*) " *n (*)) MUL > 1/4. 

Next, to show that the function x i-> {^ n (x)}^ =1 is real analytic from X 
into co, we shall require that for each x, there exists n x and <5 X G (0, 1) so 
that for n > n x and ||z|| < (5 X , we have 



(2.12) 



T n (x + z) f„ (x + z) - 5 n (x + z) 



M„ 



< M x 



where M x depends on x, but is independent of n. 



Recalling that T n (w) = f (x„) (x — x n + w) + f (x n ) , and using (2.9) and 
property (1) and (4) of 5 n , where we may suppose that x + z € W when 
||z|| ^ < S x < 1, we obtain, 

T n (x + z) v n (x + z) - 5 n (x + z) 



< 



T n {x + z) \u n {x + z)\ + S n (x + z) - 6 n (x) +5 n (x 



< 



f (x n ) (x - x n + z) + / (x„) 



e 2C2 « s *+M A + e' 



< (L (||x - x n \\ + \\z\\ + |/ (x„)|) e 2c2 ^ + 2 Ma 



< (L (||x - x„|| + 1) + 2) e 2C ' 2K + 2M A 



< (3L(||x-x„|| + l))e 2C K + 2M A 

Now recalling that M n = e ic2n (1 + ||x„||) , we see that 

3L(\\x-x n \\ + l)e 2c2K 



< 



3L(\\x\\ + \\x n \\ + 1) 

1 + \\Xn\\ 



< 3L(1 + ||x||). 

Putting M x = 2 Ma + 3L (1 + ||x||) , we have established (2.12) 
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Now, to show the analyticity of {ip n (x)}^ =1 , we first note that property (5) 
of Lemma [T] together with (2.12) yield 

\i) n (x + z)\ = \f n (x + z)v n (x + z) - 5 n (x + z)\ \!p n (x + z)\ < ^ 

Til 'Q>£ y> 

whenever n > n x and ||z|| ^ < 5 X . 

Because the numerical series Yj£=i M x / Vila" r is convergent, we then 
have that the series of functions Yln=l IVVi (x + z) \ is uniformly convergent 
on the ball B^(0, S x ), which clearly implies that the series 

oo 

^2^n(z)e n = {^n{z)}n=l 
n=l 

is uniformly convergent for z G B^(x,6 x ). Then it is clear that {il> n (z)}^ =1 , 
being a series of holomorphic mappings which converges uniformly on the 
ball B^(x,S x ), is a holomorphic mapping on this ball. Since x G X is 
arbitrary, this shows that x H- {tp n (x)}^ =1 is real analytic. 



2.4. Showing that g does the job. Now we move on to our final esti- 



mates; \g — f\ and \\g' — f'\\ . Fix and put M 

Now we have (using / > 1 > 0), that 



M x = {n : x e D n } 



Is 0*0 - f(x)\ 



\\Wn(x)Y 7 



WWn 0*0} 



/0*0 



n=l\ 



WWn 0*0} 



\\{f(x)<p n (x)}Z 



'CO 



n=l\ 



co 



WWn 0*0 } r c 



1 Co 



1 

WWn (x)} 



\\{{T n (x) v n (x) - f (x) - 5 n (x)) <p n (x)}~ 



n=ll 



CO 



CO 



< 2 || {(T n (x) v n (x) - f (x) - 6 n (x)) <p n (x)}^° =1 || Co , 

the last line by Lemma Q] (3) . We proceed in cases. 

Case 1: For n G TV, we have e n (x) = T n (x) — / (x) = T n (x) v n (x) — 
/ (x) , and so by property (1) of 5 n and Lemma[T](7) , we obtain the estimate, 
\T n (x) v n 0*0 - / (x) - 5 n (x)\ ip n (x) < {e'r/L^) 3. Then using (2.10), we 
have 

(2.13) \T n (x) v n (x) - / (x) - 5 n {x)\ (f n (x) < 6re' /Lip. 

Case 2: For n £ TV, recall <^ n (x) < e\ < e'r/25L. 



APPROXIMATION BY ANALYTIC MAPS 



13 



Now, for n such that x £ D n , we have Q (x — x n ) < 6r, and so \\x — x n \\ < 

l/2n ( 2 ^ l/2n 

(g (x — x ra )) ' n < ( (6r + 1) n — 1 J < 7, as r < 1. Hence, for such n we 
have, 

(2.14) 

\T n {x)v n (x)\ < (L\\x-x n \\ + \f(x n )\)u n (x) < (7L + 2) (l + e') < 18L. 



On the other hand, for n such that x £ D n , by (2.6) we obtain, 
\T n (x)u n (x)\ < (L||x-x n || + |/(0|) 



e'r/2LL v 



< (L||x-x„|| +2) 



1 + 

e'/2L 



1 + 

x x n i 



< e'/2 + e'/L < 2e' . 
In any event, for all n we have, 
(2.15) \T n (x)u n (x)\<18L. 

Therefore, for n ^ M, using again property (1) of 5 n , we have, 

\T n (x) v n (x) - / (x) - (5„(x)| 99 n (x) < (\T n (x) f n (x)| + \f (x)\ + S n (x)) <p n (x) 

(2.16) 

< (18L + 2 + 2e') (eV/25L) < e'r. 
It follows that, \g (x) - / (x)| < lQA^'r < e. 

We now establish some derivative estimates. Fix x and consider the expres- 



sion 



(T n (x) v n (x))' = T/ t (x) v n (x) + T n (x) v' n (x) . 

From an estimate analogous to (2.15) , using (2.4) and (2.7) , we have that for 
alln, \\T n {x)v' n {x)\\ < 9LLip(Q)Lip(^) . Also, \\T' n (x)v n (x)\\ <L{l + e>) < 
2L. Hence, 

II (T n (x) v n (x))'|| <2L + 9LLip (Q) Lip (v) < ULLip (Q) Lip (is) . 



Using this, and property (2) of 5 n , we have, 
(2.17) 

Lip [T n u n -f-S n )< ULLip (Q) Lip H+L+CV < 13C LLip (Q) Lip (i/) 

Next, for x G D n , V n (x) = 1, and again by property (2) of S n , 
(2.18) 

Lip ((T n V n -f-6 n ) \ Dn ) = Lip ((T n - / - <5 n ) | D J < e' + C e' < 2C e'. 
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Next we compute, using (2.4) , 

\\(T n (x) (i/„ - V n ))'\\ = \\T^ (x)\\ \v n (x) - V n (x)\ + \T n (x)\ \\u' n (x) - v' n [x)\ 

< L C ' f LL * „ + (L \\x - *„|| + 2) Lip <Wl&± 

37 X || 1 I 1 1 X X 1 1 

< e'r/2 + Lip (Q) e'r/2 + Lip(Q) e'r/L 

< 2Lip (Q)e'. 
It follows from this and (2.18) that, 

(2.19) Lip {(T n v n -f-S n ) \ Dn ) < 2C e' + 2Lip (Q) e'r < 4C Lip (Q) e'. 

Finally we turn to ||</ (a;) — /'(x)|| with the help of the above estimates. 
Again fix x € X, and we obtain, 

\W (?) - f (x)\\ 

( \\{( T n(x)y n (x) ~ f(x) -5 n (x))if n (x)}~ = J V 



\\{<Pn (x)}n=l\ 



WWn (x)}™ =1 \\ 2 Cq 



WWn (x)}n=l\\ C0 \\{(T n (x)v n (x) - f (x) - 5 n (x)) (f n (xJKJLJ^ 



\n=l\\'c \\{(Tn(x)v n (x) - / (z) - 5„(x)) (x)}^ =1 || C() 



Let us first consider 
((T n (x) z^ n (x) - / (x) - <5 n (x)) </? n (x))' 

= (T n (x) v n (x) - / (x) - 5 n (x))' if n (x) + (T n (x) v n (x) - f (x) - <5 n (x)) tp' n (x) 

For the first term, and n E A/", we have, using property (2) of Lemma [T] and 
(2.19) , 



APPROXIMATION BY ANALYTIC MAPS 



15 



|| (T n (x) v n (x) - f (x) - 5 n (x))' (p n (x)\\ < \\(T n (x) v n (x) - f (x) - 5 n {x))'\\ ip n (x) 

< 4C Lip (Q)e'(l + e 1 ) 

< 8C Lip (Q) e'. 
For n ^ Af, using Lemma Q] (4') and (2.17) , we obtain, 

|| (T n (x) v n (x) - f (x) - 5 n (x))' (p n (x)\\ < \\(T n (x) u n (x) - f (x) - 5 n {x))'\\ ip n (x) 

< 13Co£Lip (Q) Lip (v) (e'/6C LUp (u)) 

< 3Lip (Q) e'. 

In any event, \\(T n (x) v n (x) - f (x) - 8 n (x))' (p n (x)\\ co < 8C AiLip(Q) e' . 

Next we consider the second term, (T n (x) v n (x) — / (x) — 5 n (x)) (p' n (x) . For 
n G Af, from the estimate giving (2.13) , we have, 

||(T n (x) v n (x) - f (x) - 5 n (xj) ip' n (x)\\ < \T n (x) v n (x) - f (x) - 5 n {x)\ ||</4 (x)|| 

< 6e'r/L v (L v ) < 6e'. 

For n £ Af, just as in (2.16) we obtain, 

||(T n (x) v n (x) - f (x) - 5 n (xj) ip' n (x)\\ < \T n (x) u n (x) - / (x) - 5 n (x)\ \\tp' n (x)|| 

<e'. 

Hence, altogether we see that, 

|| ((T n (x) v n (x) - / (x) - b n (x)) (x))'|| co < 8C7 ^iLip (Q) e' + QA x e' 

< 14C A 1 Lip(Q)e'. 

Lastly, we examine \\{ip n (x)}™ =1 \\' Co \\{{T n (x) v n (x) - f (x) - 5 n (x)) ip n (x)}^ =1 \\ Co . 
Recall our estimate of \f - g\ found \\{(T n (x) v n (x) - / (x) - 5 n {x)) (p n (x)}™ =1 \\ CQ < 
3Ais'r. Therefore we have, 
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\\{<Pn (^)}^Llllc H( T n (x) Vn (s) ~ f (x) - 5 n (x)) ip n (x)}™ =1 \\ Cq 



< A X L 9 || {(T n (x) U n (x) - f(x) - S n (x)) (fn {x)}n=l\ 



< Al LlUV r {Q) (5A l£ V) = 5A 2 1 L 1 Up(Q)e' 

Finally, because \\{ip n {x)}™ =1 \\ CQ > \\{ip n (ic)}^Lil|^ > 1/4 as noted above, 
putting all the above estimates together yields, 

I, v fl( ,,| , (2Ai) UCpAiLip (g) e' + 5A| LjLip (g) e' 
P (x) - f (x)\\ < 

< (l32C A?LiLip (Q)) e' < e. □ 
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